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A formula for truncation errors of convection terms arising from the
Navier-Stokes equation in a curvilinear coordinate system is derived.
These truncation error terms are interpreted in terms of grid size, grid
uniformity, grid line angle, flow angle, and derivatives of flow proper-
ties to gain physical insights from the formula. The role of these factors
in determining truncation errors is discussed. It is shown that an optimal
grid arrangement cannot be obtained without considering the inter-
actions between the grid and the flow field. The effect of the grid
orthogonality on truncation errors is also analyzed for simple cases. The
derived formula provides a useful indicator for truncation error distribu-
tion which yields guidelines for grid adaption.  © 1992 Academic Press, Inc.

INTRODUCTION

Body-fitted coordinate system is becoming more widely
employed in Navier-Stokes equation solvers due to its
flexibility in handling complex geometry and in utilizing
grid generation techniques. In transforming to a general
curvilinear coordinate, the governing equations become
more complicated and there is ambiguity in the analysis of
truncation errors after transformation. de Rivas [1] con-
cluded that grid nonuniformity increased truncation errors.
Castro and Jones [2] also found that nonuniformity may
lower the order of the truncation errors. Forester [3]
suggested that grid size ratio between two neighboring grids
should be kept under two. A more detailed study on this
subject was conducted by Thompson and Mastin [4] and
Thompson et al. [5]. In these two studies, the leading trun-
cation error term for a first derivative is derived and the
authors concluded that if the angle between grid lines is no
less than 45°, the errors attributed to grid nonorthogonality
are of little concern. In the present study, an effort is made
to clarify the role of each factor described above. A formula
for the truncation errors of two-dimensional convection
terms in a curvilinear coordinate system is derived. The
expression obtained is interpreted in terms of grid size, grid
size ratio, angle between grid lines, and derivatives of flow
properties to gain physical insights. Useful guidelines for
grid distributing can be derived from these truncation error
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expressions. By using the derived formula as an error
indicator, an adaptive grid method is employed to illustrate
that with appropriate grid adaption the truncation error
can be reduced.

TRUNCATION ERRORS OF TWO-DIMENSIONAL
CONVECTION TERMS

The derivation starts from the truncation error of the first
derivative term. Following the analysis of Thompson et al.
[5] and using the second-order upwind differencing
scheme, the first derivative term £, can be expressed as

f =l _3fi,j+4fi+1.j—fi+2,j
AR 2 A¢
_3fij+4fij+l'_fij+z
- ) ; i 1
Ye 2A’1 +Tx’ ( )

where J=x,; y, — x, . is the Jacobian, ¢, 5 are the general
coordinates, and the truncation error T, is

1 .
T, = o [y, feee A2 — Ve Sfomn An° 1+ Higher Order Terms.
(2)

Up to this stage, the metric coefficients and the Jacobian J
are kept in their exact form. If .., f,,, are further expanded
by using total differentiation, 7', can be expressed as

T,=T, + T, + T, + Higher Order Terms, (3)
where T, is the truncation error which contains the first

derivatives of f, T, the second derivatives, and T, the third
derivatives. That is, by taking A= 4n =1,

1
T =;f [(VyXeee— ,Vgxmm)fx"' (Vg Yeee— ye ymm)fy]

(4)
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T, =} [(x; YnXee — Xy J’cxm,) Sox
F (Ve VyXeetXe Yy Yee— Ve YnXpn— Xy Ve Vun) fro
(e ynYee— VeV V) Fiy] (5)
Ta= 5 L0 = 08 fe# 30 1yxi— e 1ax3) fon
+3(xe Yy ¥i— X Ve ¥2) Fayy ¥ Dy ¥i—vevy) fuw ]
(6)

If the metric coefficients are evaluated numerically by the
same second-order upwind scheme used above, for example,

=X ;40— 3x,0, 1
Xe= 2 4¢ 3

x:fg(df)z

+ Higher Order Terms

then by substituting these metric coefficients and J in
Eq. (1), f, becomes

1 1 , 1 ,
o Al remtan? | 143 s

et 2o | 1,43 S |}

+ Higher Order Terms,

f\’ =

where

AJ:%[xéymm(dn)2+ynxéﬁé(Aé)z— mm(Ar’)
—x, Veee(4E)*] + Higher Order Terms.

After similar manipulations, it is found that T, vanishes,
and T, becomes

T.=T,.,+ T .+ Higher Order Terms. (7)
Note that this is the same expression obtained by
Thompson et al. [5] in one-dimensional form. However, if
the metric coefficients are evaluated by the second-order
central scheme, as they are in the present study, T, appears
again with the same form as Eq (4), except that the leading
constant § is replaced by 1. T, and T, remain the same as
in Egs. (5) and (6).

For the two-dimensional convection terms written in the
form

0 5
pu—f-f-pv—f

ox dy (8)

their transformed form is

1 of 0
U= vV 9
[ A q ®
where U, ¥ are the contravariant velocities
U=uy, —uvx
P (10)

V=vx,—uy..

By using the second-order upwind differencing scheme for
the convection terms and the second-order central scheme
for the metric coefficients and substituting the truncation
expression T, and its counterpart for T, into Eq. (8), one
may obtain the truncation errors T for the convection
terms of Eq. (8) as

TE=pu(Tx) +pv(Ty)

=Tg; + Tgy+ Tg; + Higher Order Terms, (11)
where
TE1=£][(UX§§§+Vxnnq)fx+((7yi§§+Vy'mﬂ)fy] (12)
TE2 =_£] {(Uxé.xfg + quxrm) fxx+ [U(yixff +X¢ yié)
F+ V(yyXgy + X, Vo)) foo + (Uye yee + Vyy yu) £}
(13)
TE3 =£] [(ng + sz)fxxx+ 3(Ux§ yf + fo, yﬂ) fxxy

+3(Ux: yi 4+ Vx, p2) fo + Oy + V) £,,,]. (14)

It is noted that T, appears since, as mentioned above, a
scheme other than that used in Eq. (8) is employed for the
metric coefficients. Equations (12) to (14) are the truncation
errors for the two-dimensional convection terms up to third
derivatives of f. The physical interpretation of Egs. (12) to
(14) is not clear in their present forms. To further interpret
the meaning of these terms, one can substitute physical
dimensions and angles between grid lines for those metric
coefficients as detailed in the following.

Figure 1 shows the definitions and relationships among
different angles and grid sizes. In the analysis, a and b are
the grid sizes for the grid cell at (&, #) = (i, j), 6 is the angle
between coordinate lines at (i, j), and § is the angle between
the 5 line and the y axis, y is the angle between the ¢ line and
the x axis, ie., 8+ f+y=90°; r, r,y, r, are the grid size
ratios relative to the grid size a in the ¢ direction. On the
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FIG. 1.

other hand, r,, r,,, r,, are those relative to the grid size b
along the # direction. Note that for a uniform grid, the value
of ris unity. 4f°s and Ay’s are the changes of angles between
neighboring grids. The metric coefficients in Egs. (12) to
(14) can be expressed in terms of these angles and grid size
ratios, for example, with A¢ = An=1,

_Xivt, =Xy

xé— =xi+1’j—xi’j=aCOS'y

A48
and, similarly,
X, =bsinf
ye=asiny (15)
y,=bcos B

J=x;y,—x,y:=absinb.

Note that the one-sided differencing scheme is used here
to insert the physical dimensions and grid angles into the
truncation error formula. Higher order schemes can also be
used but the resulting expressions will become much more
complicated and harder to interpret. Moreover, in deriving
the following expressions the main object is to show the rele-
vant physical factors which compose the formula. For this
purpose, the accuracy of the scheme is not of primary
importance. Note also that it is Eqs. (12) to (14) that are

=i+1

N=j+2

N=j+1

=i

1=j-1

n=j-2

=i+2

Physical dimensions and angles in the formula.

actually used in most applications to estimate the trunca-
tion errors.
For the second derivatives, x,; can be expressed as

_ (Xin =X ) = (X ;= Xy ;)

(4¢)?

=a cos y—ar, cos(y + 4vy)

=acos y(1 —r, cos Ay)+ ar, sin y sin 4y

and, similarly,
X, =bsin (1 —r,cos AB) + br, cos B sin 48
Yee=asiny(1 —r cos 4y) + ar, cos y sin A4y (16)
Yum=bcos B(1 —r, cos AB) + br, sin B sin 4p.
Let
Rico=1—r,cos Ay
Regr=rsin 4y
R,cro=1—r,cos A8

R, s, =r,sin 48.
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Equation (16) can then be written as

Xpy=bR,c,sin f—bR, s, cos B (a7
Vee=aR:c;8iny—aR,g, cosy

y'?ﬂ = bRr]CZ CcoS ﬁ + bRr’SZ Sin ﬁ.

One may call parameters R’s the grid smoothness
parameters, which are functions of grid size ratios and
changes of gridline angles. They can also be considered as
measures of grid skewness and deviation from uniformity.
Note that in a parallel uniform grid system, these grid
smoothness parameters assume the value of zero. On the
other hand, with a highly skewed and nonuniform grid,
these parameters can have large values.
For the third derivatives,

Xepr = g (R;c3 €08y — Rsg38iny)
Veer =g (Recssiny + Rgg3 cos p)
(18)
Xy =§ (R,c3sin B+ R, g3 c08 f)
Yo = g (R, 3 cos B— R,s3 sin f),

where
Ricy=rycosdy+r;cosdy;—r cosdy—1
Ress=rysin Ay, +r,sin Ay, —r; sin 4y
R,c3=1ry €08 4B, +rycos 4B, —rycos 4f—1
R,s3=7r3 5in AB,; +ry; sin 4By, —r,sin Af.

Again, these grid smoothness parameters reduce to zero in

a parallel uniform grid system. Furthermore, contravariant
velocities can be written as

U=uy, —vx,=Vbsin(y+60—a
Yy . ( ) (19)

V=vx;—uy,=Vasin(a—y),

where V represents the total velocity. It is observed that p(Z
represents the flow rate normal to the # line and pV
represents the flow rate normal to the ¢ line; note that pU

TABLE I

Common and Different Factors in T¢,, Tiy, Tk;

Common Different
Tk, oV, 0,0, B Fis Vi 48, AﬁgaAV, A'Vij,fu)
TEZ P V’ s 9, x, ﬁ a, b’ Fis AB, A?, f(z)
Tes 2, V.7, 0,0, B a%, b?, S
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and p¥ make an angle of 8. Expressions (15) to (18) can be
substituted into Egs. (12) to (14) to yield

Vo . .
b1 = o {8in(y + 0= 0)[(c0s 1/, +sin 11,) Recs

+(—sinyf,+cosyf,) Resy]+sin(a—7)
x [(cos(y + 0) f +sin(y +0) f,) R, 3

+(sin(y +0) f. —cos(y +6) f,) Rys31} (20)

|24 .
Tgs =;;—e {asin(y + 6 —a)[(cos® yf,+2cos ysinyf,,
; )

+sin® nyy) Ry

+ (sin y cos yf, + (sin? y —cos? y) f,,

—sinycos yf,,) Res,] + b sin(a—y)

x [(cos*(y +6) fr.+2cos(8+7y) sin(8 +7) £,
+sin*(0+7) £,,) Rycz + (—sin(d +7) cos(6 +7) f..
+ (cos?(6 + ) —sin*(0 + 7)) f,

+cos(0+7v) sin(0+7v) f,,) Rys21} (21)
__p¥ 2 . 3
=g {a sinly + 0~ 2)(cos’ e

+3cos’ysinyf,,, +3cosysin’yf,,, +sin’yf,,,)
+b% sin(a—y)[cos* (8 +y) frrx
+3 cos?(0+y) sin(0 +7) f..,
+3 cos(6 +y) sin* (0 +7) £,
+sin*(0+7) £,,,1}.

Table I lists the common and different factors among T,
Tg,, and Tp,.

Observing the general Egs. (20) to (22), a few remarks are
useful. First of all, T, does not contain the grid size a or b
and therefore is of zero-order accuracy. This implies that if
Ty, is dominant, grid refinement will not ensure error
reduction. Second, T, and T, will disappear if a uniform
parallel grid is employed as can be seen in Eqgs. (23) and (24)
below. Note also that T, and T, contain the grid smooth-
ness parameters, but expression 7'z, does not, and therefore
grid skewness (4f, 4y, 4B, Ay;) and grid uniformity
(r;, ry) do not affect Tz;. On the other hand, grid unifor-
mity may play a very important role in T, and T, if the
values of r,, r; are much larger or smaller than unity, since
they may dominate the grid smoothness factors which are
the multipliers in the expressions. This is consistent with the
observation of Castro and Jones [2]. They pointed out that
there will be significant zero-order errors unless the mesh
expansion ratios are close to unity. Third, when the total
velocity vector aligns with one of the gridlines, that is, & =y

(22)
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or o =0+ 1y, half of the terms in Egs. (20) to (22) can be
dropped, and this may significantly reduce the truncation
errors. Finally, the individual grid angles «, §, y, @ may or
may not be important, since truncations errors also depend
on the combination of these angles. These combined angles
represent the gridline angle relative to the x-axis (y + 8) and
the angles between the gridlines and the total velocity vector
(y + 8 — o, « — 7). To construct an optimal grid angle,
the interactions between grid distribution and flow field
(representing by various function derivatives f(;’s) should
be taken into account. Unfortunately, this is very difficult in
practice. However, it is obvious that grid orthogonality does
not guarantee that the truncation error can be minimized.
The observations above imply that both grid size reduction
and grid quality improvement can cause error reduction in
general.

It is possible to further simplify Eqs. (20) to (22) with a
special grid arrangement. For example, consider the grids
with parallel and straight grid lines, that is, Ay =4y, =
Ay, =Ap=A4B,, = 4B,,=0, so that

__p
17 46in 0
X (ry+ry—r —1)+sin{ee—y)[cos(y + 6) f,
+sin(y+6)fy](r21+r22—r2—1)}

{sin(y + 6 —a)(cos yf, +sinyf,)

(23)
oV . 2 .
Tpy= pr {asin(y +0 —a)(cos® yf. . +2cosysinyf,,

+sin?yf,,)(1 —ry) + b sin(a—y)[cos™(y + ) frx
+2cos(0+7y)sin(6+7v) £,
+ Sin2(9+ ?) fvy](l —rZ)}

__rY
E37 35in 6

(24)

{a*sin(y + 60 —a)

X (C08> P fcxx + 3 cOS® y sin 71,

+3cos ysin® yf,,, +sin’ y £, ) + b sin(x —y)

x [€083(0+7) frxx + 3 cO82 (0 +7) SIN(0 + ) frry
+3 cos(6 +7) sin®(6 +7v) [y,

Note that T, which is free from grid smoothness
parameters, is not altered by this simplification. From the
above equations, it is clear that the truncation error
depends upon the grid sizes a and b, the combined angles
such as y+ 6 —a, y+ 6, « —y and grid size ratios r,’s, #,’s.
It should be pointed out that in the case of large »’s (and/or
large grid smoothness parameters R’s), large errors may
result. It is also worth noting that if a small geometric
expansion ratio e<1 (ie., r; =14¢ ri=1/1+¢ etc.) is
employed, as is common in grid distribution, then from Eqgs.
(23) and (24), it is seen that T, = O(e?} and T, = O(e).

If other second-order differencing schemes are employed
in Eq. (1), the only difference in expressions (4) to (6) is the
leading constants. For example, with the second-order cen-
tral scheme, the leading constants in Eqs. (4), (5), and (6)
become — %, —Land —1, respectively. Therefore, the trun-
cation error formula obtained above can still be used as a
good indicator for the truncation error distribution in a
more general sense. In the next section test cases are used to
demonstrate some characteristics of the expressions. In
these problems, second-order upwind and second-order
central schemes are employed for the convection and
diffusion terms, respectively.

TEST PROBLEMS AND DISCUSSION

To assess the usefulness of the derived formuia, a fully
developed channel flow with exact solution is employed.
The Reynolds number based on the inlet velocity and height
is 200. In this test case, the computed truncation errors
using Egs. (12) to (14) are compared to those estimated by
the exact solution. The skew grid is arbitrarily designed as
shown in Fig. 2. The grid number is 10 x 49. The contours
shown in Fig. 3a are obtained by taking the difference
between the computed value and the exact value of the
convection terms, that is,

gf—thhs

where & and L, are the differential and difference operators
for the convection terms, f, f, are the exact solution and the
computed solution based on a 10x49 grid, respectively.

+sin®(0 + . 25) Figure 3b shows the truncation error distribution for the u
yyy
I S D I A Y O I O O A Y Y MY 77 [ 7 7 1 T I T I ] I1
o S
. i Iy S A 0 0 I ya 7 7 L2 E-
- ll_,LIL{,_{i;,I:{L{r{'{‘{li ]T]/]/ 11 1 11 ,L 1-‘:
o o e A e 11 T T 1T T 1717 H
I— —_— = = —> —> —> >
= = = = ==,
—> —————
5 SIS ST S S 5S — — — — S

FIG. 2. Skew grid arrangement for the fully developed channel flow.
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FIG. 3. Truncation error contours for convection terms of U momentum equation.

momentum equation caiculated using Egs. (12) to (14).
The resemblance between the two plots is clearly illustrated.
The errors are concentrated in the regions where the grid
changes abruptly. This observation can be justified by using
Egs. (12) to (14). In these equations, since the flow is fully
developed, U V in most regions where the ¢ gridline is
horizontal. Moreover, all the f derivatives with respect to x
can be dropped, and the remaining terms (with y.., vy,
etc.) will then be large when the grid changes suddenly.
Equations (20) to (22) are in general form for the present
test cases; careful observation of these equations reveals that
it is difficult to separate the effect of each factor. However,
the following two cases with a specially designed grid may

be used to demonstrate, first of all, the effect of gridline
angle (grid orthogonality) on the truncation error and,
second, the usefulness of the derived formula in estimating
the truncation error distribution. The first test case for these
purposes is a laminar channel flow with two different
velocity layers. To show the effect of gridline angle 6, zigzag
grid lines are employed to construct the grid. Although this
grid arrangement is not of practical interest, it may simplify
the derived formula and single out the role of the angle 6 in
truncation errors. The next problem is a laminar backward-
facing step flow with a parabolic inlet velocity. Again, zigzag
grids are used to show the role of the angle € in truncation
errors. For both of the above two test cases, since exact

I

b

Cc

=5 = 22 2 2 > . > . ... > > B
= B e e Sl e Sl S N e e e e 0

FIG. 4. Grid arrangement, streamlines and velocity distribution of the channel flow with two different velocity layers: (a) grid arrangement;

(b) streamlines; (c) velocity vectors.



96 LEE AND TSUEI
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Truncation Errors
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0.0 15.0 30.0

FIG. 5. The effect of & angle on overall truncation errors for convec-
tion terms of ¥ momentum equation (two-layer flow).

solution is not available, a uniform fine grid solution is used
as a reference for comparison.

For the first test flow problem, its grid arrangement and
streamlines are shown in Fig. 4. In this problem, streamlines
are parallel to the £ lines except near the inlet region. Since
the grid is uniform along the & lines, ry=r,=r;=1, %0,
y=0, f=90°—0, dy=Ay,;=4y,,=0, 4B, =0, 4f=
A4B,, = 180° + 26. Consequently, from Egs. (20) to (22), T,
and Tz, can be eliminated and 7', becomes

(26)

Obviously, Eq. (26) is independent of 6. Numerically, a
reference solution of this flow problem is obtained by using
a uniform grid of 101 x 101. A zigzag grid solution of 31 x 21
is then used to display the effect of § on truncation errors. In
Fig. 5 it can be seen that change in 6 does not change the
overall truncation errors of convection terms over most of

the range unless 8 is very small. The overall convection term
error in Fig. 5 is estimated numerically by summing the dif-
ference of the values of the fine grid (101 x 101) convection
terms and the coarse grid (31 x 21) convection terms at each
grid point and then dividing by the total number of grids N;
that 1s,

& T 1 Do~ (Ll

1

i'[vj =

where L is the difference operator for the convection terms
as mentioned above. The computed result is consistent with
expression (26). This implies that similar accuracy can be
obtained whether one uses small 8 grids or orthogonal grids.
Although not shown here, the solution error (relative to the
reference solution) has similar behavior.

Specifications and computed streamlines of the second
test problem are shown in Fig. 6. A backward-facing step
flow with a parabolic inlet velocity and average Reynolds

-number of 800 is used. The reference solution of this

problem is again obtained by using a uniform fine grid of
101 x 101. The zigzag grid in Fig. 4 is also used in this
problem. In this case, all the simplifications made in the last
test case are the same except that « is no longer zero, and
therefore, Eq. (20) is eliminated again and Egs. (21) and
(22) assume the forms of

Vb
Tp,= spm—H sin o cos 8(2 cos 0f . + 2 sin 0f )

pV 2 2 3
= - b
B=3a [a®sin(0 — ) foo + b7 sinal(cos® 01,
+ 3 cos? Osin 0, + 3 cos O sin® 0f,,, +sin> 0f,,,) 1.

(27)

In this particular case, some velocity derivatives are much
smaller than others, and therefore those derivatives are
neglected. Numerically, it can be shown that [f, |>»
1ol > fel a0d 1 £,,] > Fasl | fupyls Syl in most of the
region. To provide accurate values so that the following
simplified formula can stand, all the f derivatives are

Xs
X4

u PARABOLIC
v=0 u=0, v=0

0.5 p— ux:O
$=0.475 = vy=0
u=0 X IJ:O, v=0
v=0 1

FIG. 6. The backward-facing step flow.



FORMULA FOR TRUNCATION ERRORS 97

7 a
Q
o 604 ——Egs. (21), (22)
~T®~" Eq. (28)
? 404
[e]
I
1
wl
[=4
2
=
«©
Q
=
>
= 2.0
0.0 T T T T T R
0.0 15.0 30.0 45.0 80.0 75.0 90.0

T b
= 6.0
- 6 Eq. (21)
™77 Eq. (22)
# 4.0
e
™
w
c
o]
T
Q
=
2
- 2.04
0.0 T T T T T —
Q0.0 15.0 30.0 45.0 60.0 75.0 90.0

0

FIG. 7. The effect of 8 angle on truncation errors for convection terms of ¥ momentum equation (step flow): (a) truncation errors obtained by

Egs. (21), (22), and (28), respectively; (b) effect of 8 angle on T, and Tp;.

calculated based on the fine grid solution and the mixed
partial derivatives are calculated by a method which is
accurate to the second order for both 4x and Ay [6].
Therefore, the truncation error can be approximated as

Ty= Tg,+ T3+ Higher Order Terms

pVb?
3

~2pVbsinacos 0f,,+ sin® O sin af,,,

+ Higher Order Terms

b .
= pVbsina (2 cos Of,, + 3 sin? ()fyyy>

+ Higher Order Terms. (28)

The overall truncation errors of convection terms com-
puted by Eqgs. (21), (22), and (28), respectively, are plotted
in Fig. 7a. Equation (28) is a fair approximation to the com-
bination of Egs. (21} and (22). Obviously, Eq. (28) indicates
that 8 = 90° does not yield the minimum 7'z and the optimal
0 is strongly influenced by the derivatives of flow properties
such as f,, and f,,,. In Fig. 7b, T, is seen to decrease as 6
increases. At §=90°, T, vanishes, as expected for an
orthogonal grid. On the other hand, T, increases with 0.
Note that Tz, is vanishingly small in all cases of this
problem, as it should be theoretically. The truncation errors
estimated numerically by the same method used in Fig. 5 are
shown in Fig. 8. Similar trends are observed in Fig. 7a and
Fig. 8. This result further confirms the usefulness of the
derived formula. In Fig. 9, three 6 angles are chosen to
demonstrate the distribution of errors. This figure again
shows that an orthogonal grid does not guarantee best

results. Most errors occur in the shear layer region.
Figure 10 depicts the truncation error contours of the u
momentum equation estimated numerically using the same
method used in Fig. 3a. A similar effect of  on the error dis-
tribution is observed. The truncation error formula is shown
to be a fairly good error indicator. On the prediction of the
reattachment lengths defined in Fig. 6, Fig. 11 again shows
a similar trend in the effect of 8 on the solution, and the case
with 8 =90° is not the best one.

Two things are observed from the resuits of these test
problems. First of all, the expressions for the truncation

8.0+

*10°

6.0

Truncation Errors
-
(=)
1

N
=]
1

0.0 . .
0.0 15.0 30.0

T T
45.0 60.0

7

FIG. 8. The effect of 8 angle on overall truncation errors for convec-
tion terms of ¥ momentum equation (step flow).

75.0 90.0
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0.037 -0.047
0.01< ~-0.03
0.03 -0.01
g=o
0.034 -0.036
0.01 -0.03
0.03 -0.01
= 45°
0.08 -0.06
0.0E_:gggliiil!!E!!iiiié:;;rf-0.03
0.03 .
g = 15°

FIG. 9. Truncation error contours for convection terms of ¥ momen-
tum equation at different 6 angle, estimated by the formula.

errors of the convection terms closely describe the actual
numerical errors of the flow problem. Second, the most
accurate solution does not take place at § =90°. A similar
observation was pointed out by Shyy and Braaten [7].
They investigated the effect of grid line angle 8 on the
accuracy of the numerical solution. A series of two-dimen-
sional, fully developed flow calculations were performed for
a square duct. Four different grids corresponding to grid
orientations of 0°, 15°, 30°, and 45° about the reference
Cartesian coordinates were used. As the angle of rotation
increased, the grid changes from an orthogonal uniform
rectangular grid to one with increasing skewness and non-
orthogonality. They found that for the same number of grid
points, the highly skewed grid gave a more accurate center
point location and a 151 x 151 uniform grid was required in
their case to achieve the same accuracy as the 51 x 51
skewed grid with 45° rotation.

As demonstrated in Egs. (20) to (22), it is clear that to
minimize the truncation errors one should reduce the grid
size as well as improve the grid quality (grid skewness and
the grid smoothness). Reducing grid size remains the most
straightforward means in reducing the higher order errors,
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FIG. 10. Truncation error contours for convection terms of ¥ momen-
tum equation at different & angle, estimated by using reference solution.
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however, this should be subject to the limitations of com-
puter resources; therefore grid size reduction should be
limited to those regions which need higher resolution. Better
grid quality also helps in reducing errors. An optimal grid
arrangement is very much flow field dependent and is
generally difficult to achieve as mentioned before. Accord-
ing to Egs. (20) to (22), when the total velocity aligns with
one of the grid lines (e.g., a =7+ 8), many terms in the
expressions can be dropped, and this may significantly
reduce the truncation errors. Therefore, to better resolve flow
problems, it seems natural to align grid lines according to
the flow stream and cluster grids in the regions, where local
truncation errors are large, to reduce both the grid sizes and
the truncation errors. Consequently, the adaptive grid
method appears to be a good approach. As an application,
in the final test case the truncation error formula is applied
to estimate errors of an adaptive solution.

The equidistribution scheme of grid adaption employed
by Dwyer et al. [8] is modified [9] and used in the present
problem to construct the adaptive grid. The weight function
in the x direction at the ith grid assumes the form

W= 1+ @0+ S (de-Coeexp(—limkl)  (29)

k=1k+#i

where C, is an arbitrary constant for the control of the
coupling of the weight functions among neighboring grids.
The third term on the right-hand side of Eq. (29) is to
account for the influence of the property gradients of the
neighboring grids in grid adaption, and this influence is
assumed to decay exponentially. In the regions of large
gradient change, this term may ease the sudden change of
the grid size. This modified method was shown [9] to
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improve both grid quality and solution accuracy as
compared to the original one.

The adaptive grid so constructed is shown in Fig. 12. Also
shown in the figure are the truncation error contours
obtained on a uniform grid and on an adaptive grid. The
truncation errors are computed using Egs. (12) to (14). The
application of adaptive gridding reduces the maximum
truncation error and the overall truncation errors as well.

Theoretically, in performing grid adaption, the grid
should be fine at points where the local truncation error is
large and not at points where the flow property gradient is
large, as pointed out by Hedstrom and Rodrique [10].
However, in practice, direct evaluation of local truncation
error is not straightforward. Error estimates are often
obtained by the method such as the Richardson extrapola-
tion, which requires calculation of the flow field with two
different mesh sizes. The difference between the solutions at
the same grid point is then used as an estimate of the error
[11]. The computational overhead of this method is not
trivial. The truncation error formula derived in this study
provides a useful indicator of local truncation error. Further
use of the formula in adaptive grid methods is currently
being studied by the authors [12].

CONCLUSIONS

From the expressions for truncation error and the results
of test problems, some observations can be summarized.
First, should T, appear in the expressions, it cannot be
reduced by decreasing the grid size, since T, is independent
of grid size. This implies that if T, is dominant in the com-
putation, grid refinement does not necessarily ensure the
error reduction. For a curvilinear coordinate system, T, is

(a) Adaptive grid for the backward facing step flow. (b) The truncation error contours for the uniform and adaptive grid solutions.

in general the leading truncation error term and is of the
first order of accuracy. T, can be eliminated if a uniform
parallel grid is employed; grid orthogonality is not a must to
eliminate T, . It is also noted that grid uniformity and grid
skewness have no effect on T;. Grid skewness lowers the
order of accuracy through T, and T',. Second, if the grids
are so distributed that the gridlines align with the total
velocity vector or streamline, many terms in T, and Ty
can be dropped, and this in general reduces the truncation
error of the convection terms. Third, the use of an
orthogonal grid in general does not guarantee truncation
error reduction, and this is seen in the results of both test
problems as well as in the simplified equations (26) and
(28). The remarks made by Thompson et al. [5] on the
angle 6 should not be misinterpreted. An optimal grid
arrangement is in general strongly dependent upon the flow
field. Therefore, to optimize the truncation errors, use of
grid adaption based on the flow field is suggested.

The formula derived in the present study clearly
demonstrates important factors which affect the truncation
errors of two-dimensional convective terms. To reduce trun-
cation errors, this formula reveals that the following factors
are relevant: grid size, grid size ratio, angle between the
gridlines, angle of velocity vector relative to the gridline,
grid uniformity and skewness, and derivatives of flow
properties. From the truncation error expressions, one may
find that it is impossible to determine the best grid exactly,
due to the strong connection between the flow field and the
grid itself. Nevertheless, in constructing a curvilinear grid,
one should keep the grid as smooth as possible to reduce
Tgy, Tg,, and one should reduce grid size where needed to
reduce T'y,, T3, and higher order error terms. With limited
grids, adaptive gridding provides a partial solution to grid
optimization. The present formula also provides a useful
indicator of truncation error distribution.
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